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Total Points: 100.

1. (10 %) Given @n(u) = (2e¥V® + 1e=*/V™)" and @(u) = e with
u € R(the set of all real numbers) and n > 0, prove that for any u € R,

Jim on(u) = ¢ (u).

2. (15 %) Given a real number M > 0, prove that

/ e =2y < \/Ee'%z.
M 2

(Hint: you may double the left hand side and consider a new integral
domain {(z,y)lz,y € [M,00)} C {(z,9)|z* +1* > M*,2 >0,y > 0.})

3. Given the following one dimensional ordinary differential equation: for
z>0

{ 2 =a(m-y()
y(0) =

where a, m, and yg are arbitrary real numbers.

(a) (7 %) Solve y(z). (Hint: let z(z) =m — y(z).)
(b) (8 %) Find all conditions such that the limiting solution of y(z)
is equal to m as x — oo.

4. (15 %) Let f(z,y) = 2y® + = + 2y be the cost function and g(z,y) =
zy — 1 be the constraint function. Find the minimum and maximum,
if they exist, of the cost function subject to the constraint g(z,y) = 0
with £ > 0. In the case that they do exist, identify all of the points
(z,y) at which these values are attained.
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5. GivenamatrixA—[l lijandavectorb—lﬂ},
L 2 0

(a) (5 %) Is Az = b solvable? Explain your result.

(b) (5 %) Find the least squares solution of Az = b. (Denote this
solution by Z.)
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(c) (5 %) Show that e = b — Az is orthogonal to the column space of

A.
(d) (5 %) Give a geometric interpretation of A%.
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6. Given a Markov matrix A = [ 0.2 0.7 ] ;

(a) (4 %) Find the eigenvalues of A.

(b) (9 %) Iwa[xl } = [xl ] and z; + z, = 1, Find[ml J

Lo Iy Ty

7. True or False

(a) (3 %) If the matrix AT is invertible if and only if A is invertible.
(b) (3 %) If AT A is invertible, then A is invertible.

(c) 3 %) Let f > g > 0 be real-valued and continuous functions
defined on [0,1]. If [ f(z)dz = 0, then g(z) =0, ¥z € [0, 1].

(d) (3%)If >°2 ai(n) is divergent and each a; is differentiable, then
o 0 @i(n) is divergent.




