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1. (15%) The distance between two vertices in an undirected graph is defined to be the minimum
number of edges in a path between them. The diameter of an undirected graph is defined to be the

maximum of the distances between all pairs of vertices.

(a) (3%) What is the diameter of the graph in Fig. 1? Figure 1.

(b) (6%) Let d denote the diameter of a graph with » vertices. Let k denote the maximum of the
degrees of the vertices. Show that

1 +k+k(k—1)+ktk—1P>+ -+ kk-1)*" = n.

(c) (3% + 3%) What is the minimum diameter of a graph with ten vertices that are all of degree

three? Draw an example of such a graph.

2. (6%) A set of vertices in an undirected graph is said to be an independent set if no two vertices in it
are adjacent. A maximal independent set is an independent set which will no longer be one when

any vertex is added to the set. Find all maximal independent sets of the graph in Fig.2.

a

3. (6%) Show that among n + 1 positive integers less than or equal to 2n there are two of them that

are relatively prime.
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4. (10%) The undirected complete graph of n vertices, denote K, is a graph with »n vertices in which

there is an edge between each pair of distinct vertices.

(a) (2%) How many edges does K¢ have?

(b) (8%) If the edges of K¢ are painted either red or blue, prove that there is a red triangle or a blue
triangle that is a subgraph of K.

5. (13%) By traversing a tree, we mean to visit each of the vertices of the tree exactly once in some
sequential order. We describe here three principal ways that may be used to traverse a binary free:
1) preorder traversal: visit the root, traverse the left subtree, and then traverse the right subtree; ii)
inorder traversal: traverse the left subtree, visit the root, and then traverse the right subtree; iii)

postorder traversal: traverse the left subtree, traverse the right subtree, and then visit the root.

(a) (5%) Suppose we are given the preorder traversal and the postorder traversal of a binary tree.

Can we reconstruct the tree? If so, give an algorithm for doing so. If not, give a

counterexample.

(b) (8%) Draw the binary tree of which the preorder traversal is a, b, d, g, e, h, i, c, f, and the

inorder traversal is g, d, b, h, e, i, a, c, [.
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6. (50%) Answer the following short questions. (You don't need to explain how you derive the
answers.)

(a) (4%) What is the number of three-digit decimal numbers that contain no repeated digits?
(b) (4%) What is the number of different outcomes when three dice are rolled?
(c) (4%) How many set of solutions are there to the inequality x;+x;+x3 <11, where all the
unknowns are integers satisfying x; > 0, x>>1, and x3>27?
(d) (4%) Give a recurrence relation for the number of bit strings of length that do not have two
consecutive 0s. (A bit string contains elements of 0s and 1s only.)
(e) (4%) Among the integers 1-100, how many of them are divisible by 3 or 5 or 77
(f) (4%) Give two different but equivalent definitions of a tree.
(g) (4%) What is the sufficient and necessary condition for an directed graph to possess an
Eulerian path? :
(h) (4%) What is the relationship between i, the number of branch nodes, and ¢, the number of
leaves, of a regular m-ary tree?
(i) (4%) A regular m-ary tree of height 4 has at least x leaves and at most y leaves. What are x
and y?.
() (4%) Construct an optimal binary prefix code for a set of weights {8, 9, 12, 14, 16, 19}.
(Please draw the corresponding binary tree explicitly.)

(k) (10%) Consider the following 7 binary relations on a set of size 4.
FH ~  (2%) Which relations are symmetric?
Z, ~ (4%) Which relations are antisymmetric?
P~ (4%) Which relations are transitive?
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