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Algebra and Linear Algebra

In the problems below, Z denotes the ring of integers, Z,, denotes the additive
eroup of integers mod m > 0 (if m = p is a prime then Z, is a field) and Q
(resp. C) denotes the field of rational numbers (resp. complex numbers).
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(12%) (a) Find the rank of A.

(9%) (b) Find a 5 x 5 matrix M with rank 2 such that AM = O, where
O is the 4 X 5 zero matrix.

(21%) 1. Let A=

3 —1 0
(22%) 2. Let B=| -1 2 -1
0 -1 3

(9%) (a) Find the characteristic polynomial of B.

(13%) (b) Find an orthogonal matrix P’ and a diagonal matrix D) such that
P~ 'BP=D.

(16%) 3. Let p be an odd prime. Consider the set G consisting of all the 3 x 3 matrices
A = (A;;) such that (i) A4j lies in the field Z, all ¢, 5 (ii) A;; =0fori > j
and (iii) A; € Z, — {0},1 <¢ < 3. G is a group under the operation of
matrix multiplication with identity matrix Is = (J;;) as the identity (you
don’t have to prove this).

(6%) (a) What is the order of the group G
(10%) (b) Prove that G has only one Sylow p-subgroup.

( A Sylow p-subgroup of a finite group K is a subgroup which has order the
maximum powers of p dividing the order of K. )

(20%) 4 Let < 14 2+/—5 > be the principal ideal of the integral domain
Z|v/—5] = {a+bv—5]a,bec Z} C C generated by 1+ 2/-5.
(10%) (a) Show that the quotient ring Z[v/=5] / <1+ 2v/-5>isa

finite ring, that is, it has only a finite number of elements.
(10%) (b) Show that < 1+ 2y/—5 > is not a prime ideal in Z{/—5].

(217%) %- Let a, 3 be elements in C which are algebraic over Q. Prove the following.
(11%) (a) [Q(e,B) =Q(B)(e) : Q)| < [Q(a) : Qla) N Q(B)].
(10%) (b) If [Q(e, B) : Q] = [Q(e) : QJ[Q(B) : Q] then Q(a) NQ(B) = Q.
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