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ABSTRACT
In this paper, we characterize and compare a quantum dot and a quantum well lasers using the four-wave mixing
analysis. The optical and power spectra of the four-wave mixing state in the quantum dot laser are studied both
numerically and experimentally. The tendency of the amplitude versus detuning in the quantum dot laser is very
similar to those seen in the quantum well laser. The four-wave mixing signals and the power spectra from both
lasers are symmetric, while asymmetry in the regenerated signal is found. Compared to the quantum well lasers,
the higher resonance peak of the regenerated signal of the quantum dot lasers appears on the opposite side of
the detuning in the optical spectra. The intrinsic parameters of the lasers are also obtained by ﬁtting the optical
spectra and power spectra obtained experimentally with those derived directly from the rate equations. The
measured value of the linewidth enhancement factor has a good agreement with that obtained by the injection
locking method.
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1. INTRODUCTION
In recent years, nonlinear dynamics and their applications1–4 of both quantum dot and quantum well semiconductor lasers have been studied extensively. The dynamical behaviors of these lasers are signiﬁcantly inﬂuenced
by the intrinsic laser parameters such as the linewidth enhancement factor. The linewidth enhancement factor
of quantum dot lasers can be measured with many methods. The published methods of measuring the α-factor
can be divided into two categories. First is the material α, which is the α-factor below the threshold current
and is usually measured by the analysis of the ampliﬁed spontaneous emission (ASE).5 The other is the device
α, which is the α-factor above the threshold. The most commonly used methods are the FM/AM response ratio
under small signal current modulation,6 the linewidth measurement,7 and the injection locking method.7–10
However, the FM/AM method is limited by the electric parasitic eﬀects, while the calibration of the photo
detector aﬀects the measured result extremely. The principle of the linewidth measurement is to compare the
linewidth measured below and above the threshold current, which is limited by the measuring range. The
injection locking technique provides some ways for detecting α. One can measure the output power10 or the
junction voltage variation8 under diﬀerent detunings to extract the value of α. Moreover, the α-factor can also
be measured from the slope ratio of the upper and the lower locking boundaries.9 However, the power or voltage
variation is small and the injection strength must be strong enough to get the accurate locking bandwidths.
Diﬀering from those methods which only measure the α-factor of the semiconductor lasers, four-wave mixing
analysis can measure not only the α-factor but also other intrinsic parameters simultaneously.11 The intrinsic
parameters of semiconductor lasers aﬀect the nonlinear dynamical characteristics considerably.12 Furthermore,
the relaxation resonance frequency can also be directly obtained from the optical spectra of the four-wave mixing.
In this paper, we apply the four-wave mixing analysis on quantum dot lasers and compare the measured
α-factor with that obtained by the injection locking method. This comparison can be used to determine the
degree of accuracy of each method.
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Figure 1. Simulated FWM state of the QD laser. (a) Optical spectrum of the laser output, (b) time series of the occupancy
probability of the quantum dots, and (c) time series of the carrier density in the wetting layers.

2. MODEL AND METHOD
The dynamics of QD lasers with optical injection can be described by the rate equations for the complex amplitude
of electric ﬁeld E, the occupancy probability of the quantum dots ρ, and the carrier density in the wetting layers
NW .13
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where γs is the photon decay rate in the cavity, γN and γd are the carrier decay rates in the quantum wells and in
the quantum dots, respectively. C is the capture rate from the quantum wells into the dot, J is the bias current
per dot, ζ is the interaction cross section of the carriers in the dot with the electric ﬁeld, α is the linewidth
enhancement factor, Δ is the detuning frequency, vg is the group velocity, g0 is the diﬀerential gain,  is the gain
saturation coeﬃcient, and Ei is the eﬀective complex amplitude of the injected ﬁeld. These rate equations are
simpliﬁed14, 15 while have good agreement with the experimental result.13
The equations above are used to analyze the QD lasers through the four-wave mixing states. By deriving the
equations of E, ρ, and NW , the steady-state solutions of the rate equations at the FWM state can be obtained.
Figure 1(a) shows the simulation results of the optical spectrum. The four-wave mixing state of the QD lasers
is composed of three components: the free-oscillating signal, the regenerated ampliﬁcation signal, and the FWM
signal. Therefore, the output ﬁeld can be expressed as
E (t) = E0 + Er e−iΔt + Ef eiΔt ,

(4)

where E0 is the steady-state ﬁeld amplitude at the oscillating frequency, and Er and Ef are the complex
amplitudes of the regenerated ampliﬁcation and FWM ﬁelds, respectively. The time series of the occupancy
probability of the quantum dots ρ is shown in Fig. 1(b), which oscillates at the detuning frequency and thus can
be described as
(5)
ρ (t) = ρ0 + ρ1 e−iΔt + ρ∗1 eiΔt ,
where ρ0 is the steady-state occupancy probability of the quantum dots without perturbation and ρ1 is the
amplitudes of the pulsation.
Figure 1(c) shows the time series of the carrier density in the wetting layers NW . The NW is nearly constant
( N0 ), where N0 is the steady-state solution of NW without perturbation. Therefore, we can set Eq. 3 equals
to zero to get the free-running solution, which gives
NW =

J/q
.
γN + 2C (1 − ρ)
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Figure 2. Comparison of the derived results and the simulated results. (a) Regenerated signal, (b) four-wave mixing signal,
and (c) power spectra.

To simplify the calculation, we make some approximations based on the simulation results. First, the complex
amplitude of the amplitude modulation (σ) is much smaller than the steady-state ﬁeld amplitude (E0 ), which
gives

2
2
(7)
|E| ≈ |E0 | σe−iΔt + σ ∗ eiΔt
and
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Because the capture rate from the quantum wells into the dot (C) is generally much larger than the carrier decay
rates in the quantum wells (γN ) and the occupancy probability of the quantum dots (ρ) is in the range from 0
to 1, Eq. 6 can be reduced to
J/q
.
(9)
NW =
2C (1 − ρ)
By solving the steady-state solutions and substituting Eqs. 4, 5, and 9 into the rate equations, the complex
amplitudes of the regenerative ﬁeld, the FWM ﬁeld, and the amplitude modulation versus the detuning frequency
are obtained.
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Comparing these derived results with the simulated results in Fig. 2, we can see that the derived results roughly
agree with the simulated results except for the point around the valleys. Thus, these results are conﬁdent and
will be used to ﬁt with the experiment results later. The used parameters are listed in Table 1.

3. EXPERIMENTAL SETUP
The schematic diagram of the experimental setup is shown in Fig. 3. The master laser is a tunable laser and
the slave laser is a semiconductor quantum dot laser (QDLaser QLD 1334). The output of the master laser
injects into the slave laser through the free space optical circulator composed of the polarizing beamsplitter,
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Table 1. Used parameters in the QD rate equations

Parameters

Symbol

Value

Linewidth enhancement factor

α

4

Photon decay rate

γs

300 ns-1

Carrier decay rates in the quantum wells

γN

1 ns-1

Carrier decay rates in the quantum dots

γd

1 ns-1

Capture rate from the quantum wells into the dots

C

1 ps-1

Interaction cross section of the carriers

ζ

0.75 nm2

Diﬀerential gain

g0

90 cm-1

Gain saturation coeﬃcient



2×10-22 m-3

HW2
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SL
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Figure 3. Schematic diagram of the experimental setup. FR: Faraday rotator; HW: half-wave plate; PBS: polarizing
beamsplitter; OI: optical isolator; BS: beamsplitter; SFP: scanning Fabry-Perot interferometer; OSC: oscilloscope; PD:
photodiode; SA: spectrum analyzer; VA: variable attenuator; AOM: acoustooptic modulator; B: beam block.

the half-wave plate 2, and the Faraday rotator. The four-wave mixing state can be observed with the scanning
Fabry-Perot interferometer on the oscilloscope by adjusting the injection strength with the attenuator and the
half-wave plate 1. The strength of the regenerated signal is obtained with heterodyne method. The output
signal of the slave laser is received by a photodiode with 12 GHz frequency response (NewFocus 1554-A) and
then coupled with the local oscillator signal. The local oscillator signal is the frequency-shifted injection light,
where the frequency shifts 100 MHz after passing through an acousto-optical modulator (IntraAction ACM1002AA1). The power spectra are obtained by measuring the output signal of the slave laser with a spectrum
analyzer (Agilent E4407B).

4. RESULT AND DISCUSSION
The experimental results of the four-wave mixing analysis when the slave laser is biased at 1.5, 2, and 3 times
of the threshold currents are shown in Fig. 4. Figures 4(a)-(c) present the optical spectra of the regenerated
signal and Figs. 4(d)-(f) show the power spectra. The shapes of the measured optical spectra diﬀer from the
simulated results in the previous section, which are also diﬀerent from the results typically seen in the quantum
well lasers.11 The discrepancy could result from the diﬀerences in the intrinsic parameters. Figure 5 shows
the optical spectra of the regenerated signal and power spectra with diﬀerent carrier decay rates in the dots.
Other parameters are set as follow: linewidth enhancement factor (α = 2.5), carrier decay rate in dots (γd = 0.3
ns−1 ), the diﬀerential gain (g0 = 93 cm−1 ), the photon decay rate (γs = 40 ns−1 ), the interaction cross section
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Figure 4. Experimental results of the FWM states for the QD laser. (a)-(c) The optical spectra and (d)-(f) the power
spectra of the regenerated signals at 1.5, 2, and 3 times of the threshold current, respectively.

(ζ = 0.78 nm2 ), the gain saturation coeﬃcient ( = 10.8 × 10−22 m−3 ), the capture rate from wells into dots
(C = 1 ps−1 ), and carrier decay rates in wells (γN = 1 ns−1 ). As the carrier decay rate increases, the amplitude
of the resonance peak decreases. If the carrier decay rate in the dots is ﬁxed, similar results are observed as the
diﬀerential gain increases. Notably, various values of other parameters will also aﬀect the range of carrier decay
rate and diﬀerential gain that make the resonance peak vanishes.
The ﬁtting results of the four-wave mixing are shown in Fig. 6 and the obtained value of the parameters are
listed in Table 2. The conditions that are applied to ﬁt the experimental result with the derived equations are
listed below. The linewidth enhancement factor (α), carrier decay rate in dots (γd ), and the diﬀerential gain
(g0 ) are tuned with bias currents; the photon decay rate (γs ), the interaction cross section (ζ), and the gain
saturation coeﬃcient () are kept as constant among various bias current; other parameters barely aﬀect the
ﬁtting result and thus are set as the same value used in Ref. 13. The errors shown in the table are dependent on
the valley position at the positive detuning as shown in Fig. 7. From Refs. 16 and 17, the linewidth enhancement
factor increases with bias current. In our ﬁtting result, the linewidth enhancement factor is slightly increases
as the bias current increases, but the variation is smaller than the error range. Therefore, the variation of the
α-factor with the bias current is considered insigniﬁcantly.
The linewidth enhancement factor of the same laser is also extracted by using the injection locking technique
for comparison.10 Figure 8 shows the measured optical power variation with the QD laser biased at three times
of the threshold current. The calculated value of the α-factor is 1.45 with an error of 0.17. The values of α-factor
obtained from the injection locking and four-wave mixing analysis are similar. Therefore, applying four-wave
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Figure 5. Simulated optical spectra (left column) and power spectra (right column) of the QD laser with diﬀerent carrier
decay rates in the dots. The carrier decay rates are (a) 0.2 ns-1 , (b) 0.5 ns-1 , (c) 1.5 ns-1 , and (d) 2.5 ns-1 .
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Figure 6. Fitting result of the FWM state for the QD laser. (a)-(c) present the optical spectra and (d)-(f) show the power
spectra of the regenerated signals.

Figure 7. Example of the ﬁtting error. QD laser is biased at the third times the threshold current and α = 1.25±0.25.
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Table 2. Fitting result of the intrinsic parameters in the QD laser.

Parameters

Unit

1.5Jth

2Jth

3Jth

Ref. 13

α

1

1.08 ± 0.4

1.18 ± 0.4

1.25 ± 0.25

2

0.46 ± 0.2

0.45 ± 0.2

0.58 ± 0.2

1

γd

ns

-1
-1

g0

cm

γs

ns-1

ζ

nm2



-22

γN
C

-3

93 ± 30

70 ± 30

101 ± 30

90

40.1 ± 10

40.1 ± 10

40.1 ± 5

300

0.78 ± 1

0.78 ± 1

0.78 ± 1

0.75

10.1 ± 10

10.1 ± 10

10.1 ± 10

2

ns

-1

1

1

1

1

ps

-1

1

1

1

1

10
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Figure 8. Experimental result of the injection locking method for the QD laser.

mixing analysis to measure the α-factor in QD lasers is proved to be practical.

5. CONCLUSION
We apply the four-wave mixing analysis to quantum dot lasers to extract the linewidth enhancement factor
and other intrinsic parameters by ﬁtting the experimental data of optical spectra and power spectra with those
derived from the rate equations. The value of the linewidth enhancement factor agrees with that measured by
the injection locking technique. Using four-wave mixing analysis, not only the linewidth enhancement factor but
also other intrinsic parameters can be extracted simultaneously.
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