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The temperature distribution u(x,y,f) in a rectangular region R:{0<x<2, 0<y<l} is
governed by a partial differential equation (PDE): u;-"—*az(uxﬁuyy), where « is a real
constant, and the subscripts ¢, xx, yy denote partial derivatives 0/01, 8%ox’, 62/8y2,
respectively.

(1) (6%) If the three ordinary differential equations (ODEs) derived by

separation of variables: u(x,,0)=X(x)-Y(y)-T(t) are: X"+k’X =0 ,
1

Y'+h*Y=0, T+-T=0, what is the relation among the three
T
eigenvalues &, A, 77
2 2 2
A)B-=2—; ®)K+i=—; (© K¥+i=2—; ©D)k-n=2;
5 a T T

(E) k2+hz=i2 :
o

(2) (6%) The boundary conditions (BCs) are specified as follows (u,=0u/0y):
4

1 u,=0

o w0 2 7

Let the fundamental mode u,,;,(x,y,?) be the solution to the PDE and BCs,

which corresponds to the maximum of eigenvalue 7. What is the position
(x0, yo)eR where the fundamental mode has peak magnitude, i.e.

[tdi(X0, Y0,£)| 1S maximum at any time ¢ ?
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). | 3. 1),
) [5,1], ® (.1); (© [2,1], (D) [1,2),

(E) none of the above.

The idea of d’Alembert’s solution is to transform the wave equation into canonical
form which can be solved more easily. Similar approaches can be applied to some
other cases. Consider the linear first order PDE ux + 2uy+u=0.
(3) (8%) which of the following transformations can reduce it to an ODE?
A)O=x+y,¥Y=x-2y; B)®P=x+y,¥Y=2x-y;
Od=x+y,¥P=x-y; D)O=x+2y,Y=x-y;

(E) none of the above.

(4) (8%) solve ux + 2uy+ u = 0 with the condition u = 1 when x + y = 1.
Calculateu(x=2,y=2)=7

(A) el (B)e'; (C) g (D) e??; (E) none of the above.
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(5) (8%) Let A4 be an n-by-n matrix, and x € R". Please find the correct statements

from the following:

(A) |, < nx

3 ®) [, >Vl 5 © [, <[

;3 ©) 4, >n|4], |

w

® =4, <Al <,

-

(6) (8%) Evaluate the integral e along the path R that is the positive x axis
8 p
R

( from the origin to the point (o, 0), where o represents some number approaching

infinity ).  (A)0 (B)2mj (C)1 (D) %7 (E)0.5x

(7) (10%) Evaluate the integral q (z* — Re(z)|dz along the path C that is
8

counterclockwise circle with| z |= 2.
(A) =2ma; (B) —4m; (C) 2i-4n; (D) 2-4m; (E) 4+2x.

T

-z
———(e i .
(8) (10%) C_L cosdz - = (A)2mje 8; (B)0; (C)7j sinh(%); (D) 2mj 1257 ;

L4
E)mj B

(Here C is the counterclockwise path along the circle centered at the origin with a

radius of unity.)
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(9) (10%) Pick the correct statements regarding the matrix A=| 2 1 -6/|.
-1 -2 0

(A) There are three sets of linearly independent eigenvectors associating with three

2
distinct eigenvalues. (B) The determinant of this matrix is 45. (C) |1 | isone ofthe
0

eigenvectors. (D) 5 is an eigenvalue. (E) The homogeneous linear system Ax=0 has
no non-trivial solution.

(10)FE(I3)FEIFE, FEERE T FHH R .

For problems 10 and 11, please write down your work and pick the correct answer
codes (ex. Al x C5) from the list.

(10) (6%) Find the inverse Laplace transform f(¢)of L™ {(—i} :

S»HI

ANS :  (10-1) X (10-2)

1 W <w
0

(11) (6%) Suppose : F(w):{ Find the inverse Fourier transform

J ()
ANS : _ (11-1) x _ (11-2)

(Al)\/g;(Az)ﬂ;(AS)\/zz;(Aél) 2w, 9%, e, an¥.
s T T 2r T

(A8) W s (A9)V22W ; (B1)xsin(xW): (B2) smc(—W—xJ (B3) sinc(7x);
T

=2t 2! ~I

(B4)sinc(Wx); (BS)sin(xW); (Cl) (cz)— (03) (C4)—- :

(C5)(-1)" j; (e); (o) :t:( ) ©n 4 d" (tne_,), ©8)( ),, d" (,,e,);

(D1) none of above
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(12) (7%) Solve the differential equation: 342 _5,24°Y 1o & y=0.
dx’ dx? dx

(13) (7%) Solve the differential equation: x% +2y= xy3.




