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Advanced Calculus

. (12 pts) A function f : R— R is periodic if there exists a number p > 0 such that f(z +p) = f (z)
for all z € R. Prove that a continuous periodic function is bounded and uniformly continuous on R.

. (12 pts) If f: [a,b] — R is monotone increasing, prove that f is Riemann integrable on [a, b} .
. (10 pts) Determine whether the curve described by the equation
F(z,y) =2+ y+sin(zy) =0
can be written in the form y = f (z) in a neighborhood of (0,0).
. (20 pts)

(a) Show that |sinz _ sin y| < |z — y| for all z,y € R.

(b) Show that the series >~ . sin (ff) converges on R to a continuous function f (z).

. (10 pts) Let f : |a,b] — R be a positive and continuous function. Prove that
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. (12 pts) Let f : R®™ — R™ be differentiable at the point x. Prove that f has the Lipschitz property
at zp; i.e., there are constants M and d¢ > 0 such that ||z — zg|| < §¢ implies

I (z) — f (zo)|| < M ||z — zol}.

. (12 pts) Let f : Rz- — R? be defined by
f(z,y) = (e" cosy, e” siny) .
Show that f is locally invertible near every point, but is not invertible.

. (12 pts) Let f : [1,00) — R be continuous, and suppose that lim f(z) exists. Use the Weierstrass
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approximation theorem to prove that f can be uniformly approximated on [1,00) by a function g of -
the form g (z) = p(1/x), where p is a polynomial.




