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1. (5%) A two dimensional array D with X rows and Y columns is stored in memory
in row-major order. Each element of array D occupies B memory locations. The
clement at the first row and first column 1s D[1]}[1]. Let the address of the first
memory location of D[1][1] be S. Find the address of the first memory location of

D[1]{].

2. (12%) A circular queue can be implemented using an array. Two integer variables,
namely, start and end, can be used to keep track of the first element and the last

element of the queue.

(a) (6%) Without using any additional variable, how can a full queue be

distinguished from an empty queue?

(b) (6%) How can a full queue be distinguished from an empty queue by using

one additional bit?

3. (5%) For each statement below, state 1f it 1s true or false.
(a) (1%) For any tree, each internal node has two child nodes.
(b) (1%) The number of edges 1s one more than the number of nodes in a tree.
(¢c) (1%) The height of any binary tree 1s at most logyn + 1 where » 1s the number
of nodes.

(d) (1%) A tree can have at most one cycle.
(e) (1%) There 1s a unique path between every two nodes 1n a tree.

4. (6%) Let p and g be two propositions. Given that the value of p—¢g is false,

determine the value of (~p v ~q) — (~g) with a brief explanation.

5. (6%) Let n; be the number of k£-bit binary numbers that have no three consecutive

Os. Derive a recurrence relation for »;. (Don’t forget to write down the base

case(s).)
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6. (8%) Rank the following functions by order of growth; that is, give an ordered

list of the functions g4, 95, ..., gg satistying g, = Q(g,), g, = Q(g3), and so
on. Partition your list into equivalence classes using brackets, e.g.,

l91,9-21,[93, ..., 9g], such that g; and g; are in the same class 1f and only if

gi = 0(g;).
n?, (ign)!, (3/2)", lg(nY), (Ign)8™, (n+ 1), nign, 48"

7. (6%) Let B, denote the number of binary trees of » nodes and let H, denote the

number of different binary trees of height 2. Write down the recurrence equations

of B, (3%) and H, (3%) respectively.

8. (3%) Define the fractional knapsack problem as follows. Suppose there are r
items in a store, each with weight w; > 0 and value v; >0, i =1,2,...,n. Our
target 1s to determine the fraction x;, 0 < x; < 1, for each item i, such that these

fractions of items can be put into a knapsack carrying weight W (that is,
imix;w; < W), and the total value },;_,x;v; is maximized. Describe an
algorithm with the worst-case time complexity O(nlogn) that solves the

fractional knapsack problem.

9. (8%) In the following max-heap tree, please perform the DeleteMaximum

operations twice and show the intermediate steps (whenever some data moves).
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10. (9%) Consider the following connected weighted graph G.
2

a b
4 3
C

]

Please run Dijkstra's algorithm on graph G with starting vertex a. Please show the
intermediate steps and highlight the shortest path tree edges in each step.

11. (8%) Of the 2300 delegates at a political convention, 1542 voted 1in favor of a
motion to decrease the deficit, 569 voted in favor of a motion dealing with
environmental 1ssues, and 1197 voted in favor of a motion not to increase taxes.
Of those voting in favor of the motion concerning environmental 1ssues, 327 also
voted to decrease the deficit, and 92 voted not to increase taxes. Eight hundred
and thirty-nine people voted to decrease the deficit whiie also voting against
increasing taxes but, of these 839, only 50 voted also 1in favor of the motion
dealing with the environment.

(a) (4%) How many delegates did not vote in favor of any of the three motions?

(b) (4%) How many of those who voted against increasing taxes voted 1n favor of

neither of the other two motions?

12. (8%) A connected, planar graph has nine vertices having degrees 2, 2, 2, 3, 3, 3, 4,

4. and 5.
(a) (4%) How many edges are there?
(b) (4%) How many faces are there?
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13. (a) (4%) Let X ={1,2,...,n}. For a subset of X, we say that it covers its elements.
Givenaset S={S,,S,,...,5,} of m subsets of X such that LS,, = X , the

set cover problem is to find the smallest subset 7' of § whose union 1s equal to
X, that 1s, USEy, S, =X . For example, suppose that X ={1,2,...,5} and

there are the following four subsets in S: S, = {1,3,4}, S, ={2,5}, S, ={L5}
and S, ={2,4}. Then the optimal set cover 1s {S,,5,}. Please give a
counterexample for the following greedy algorithm (2%): At each stage, the
algorithm picks the set that covers the greatest number of remaining elements
that are uncovered. Please also write down the greedy and optimal solutions
of your counterexample (2%).

(b) (6%) Suppose that each subset §; in S contains only two elements. Can the set
cover problem then be solved in polynomial time? If yes, please also design a
polynomial-time algorithm to solve this set cover problem (4%) and analyze

its time complexity (2%). If no, please also describe your reason (6%).

14. (6%) Given positive integers C > 1 and n», the n-tuple optimization problem 1s to
determine whether there exist positive integers c¢,,c,,...,c, such that

H” ¢, =C and ’ <, 1s minimized. The prime number problem 1s to

£ =
determine whether a given positive integer 1s a prime number or not. Please prove

that if the n-tuple optimization problem can be solved in polynomial time, then

the prime number problem can be solved in polynomial time.



