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, Total 100 points.

1. (25 points)
(1) Let z be a real number. If f(z) is a real-valued function and is continuous at z = g,

state the € — & definition limz_z, f(2)?
(2) Within the interval [0,7/2], what would continuous point(s) be for the function
f(z) = sin(z) when z is a rational number and f(z) = 0 when & is an irrational

number?
(3) Use the € — § definition to prove the limit obtained in (c).

2. (30 points)

(1) Find the derivative of (% - y%) exp(—y,z-z).
(2) Use the Fundamental Theorem of Calculus to prove that

o0 2 1 1 2
/m exp(-—y—z-)dy > (; - F) exp(—%—) for z > 0.
(3) Fory >z >0, use exp(—%z-) < zexp(—yzz) to prove that

0 2 2
& [ et < Lom=3)

3. (25 points) .
Given two real-valued functions f and g, we say that f(z) = O(g(x)) as z approaches
infinity iff lima:-»oolé%%l < M, for some constant M.

(1) What is the geometric meaning of f(z) = O(g(z))? (Simply draw a graph to
illustrate the idea.) .

(2) Prove that zlnz = O(z'*?) for any 0 < p < L.

(3) Use results from Equation (1) to prove that

o0 2 2
/ exp(~ L )dy = O exp(~ )

4. (20 points)
Consider the following one-dimensional differential equation: for t > 0,

dX(t) _ dg(t)
pm =am-X({)+o Tt
with the initial condition X (0) = m and g(t) is some differentiable function. Use procedures

(1) assume Y (t) =m — X(t) and (2) differentiate e**Y (t) to solve this equation.




